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A GAME OF OPTIMAL PURSUIT OF
ONE OBJECT BY SEVERAL

G. 1. IBRAGIMOV
Tashkent
(Received 6 February 1996)

A differential game in which m dynamical objects pursue a single one is investigated. All the players perform simple motions.
The termination time of the game is fixed. The controls of the first k (k =< m) pursuers are subject to integral constraints and
the controls of the other pursuers and the evader are subject to geometric constraints. The payoff of the game is the distance
between the evader and the closest pursuer at the instant the game is over. Optimal strategies for the players are constructed
and the value of the game is found. © 1998 Elsevier Science Ltd. All rights reserved.

1. STATEMENT OF THE PROBLEM
The motions in R” of pursuers P; and an evader E are described by the equations

F: xi=u, x(0)=xp (1.1)
E: y=v, y0)=y, (1.2)

where x;, u;, y, v € R", u; is the control parameter of pursuer P;, and v is the control parameter of the
evader E; throughout,i = 1,2,...,m.

Definition 1. A measurable function u; = u(t), 0 < t < ¥ satisfying the constraint

3
[ 1ujP de<p? for j=1,2,..,k (1.3)
0

luj(tyksp; for j=k+1,...,m 1.4)

is called an admissible control of the pursuer P;, where ¥ is a given fixed instant of time, p; are given
positive numbers and & is a non-negative integer.

Definition 2. A measurable function v = v(f), 0 < < ¥ satisfying the constraint |u(f)| =< o is called
an admissible control of the evader E. If u; = u(f) and v = v(t), 0 <t < ¥ are admissible controls of
the pursuer P; and the evader E, respectively, then the trajectory of the pursuerx,(f), 0 < ¢ < 9 is defined
as an absolutely continuous solution of the Cauchy problem (1.1), and a trajectory of the evader y(f),
0 = ¢ = 9, as an absolutely continuous solution of the Cauchy problem (1.2).

Let H(x, r) (S(x, r)) denote a ball (sphere) with centre at x and radius r.

Definition 3. A function Uy(x, y, v)
U:R*xR'xR'>R'forj=1,...,k

Uﬁ-:R" xR"xH(0,0) > HO,p)forj=k+1,...,m
for which the system

'x"'j=Uj(xj’yav (1))’ xi(0)=on
y=v{), y0)=y,
has a unique absolutely continuous solution for any admissible control v(¢), 0 < ¢ < 9, of the evader

E is called a strategy of the pursuer P;. A strategy U; is said to be admissible if every control generating
it is admissible.
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Definition 4. The strategies Uy, of the pursuers P;, respectively, are said to be optimal if

o0, TiU1,Up) =Ty Wigs-rs Upo)

where

L(U,,...Uy)=sup min |x,(8)-y(9)!

v() I<ism

U; are admissible strategies of the pursuers P;, respectively, and v(-) is an admissible control of the
evader E.

Definition 5. A function V(xy, . . ., X, ¥), V: R* x . . . x R — H(0, o) for which the system
ifi = u,-(t), x,-(O) = xio

y=V(x,.nx,,y), ¥0)=y,

has a unigue absolutely continuous solution for any admissible controls u;(f), 0 < ¢ < 9 of the pursuers
P, is called a strategy of the evader E. If each control generating the strategy V'is admissible, the strategy
Vis said to be admuissible.

Definition 6. A strategy V} of the evader E is said to be optimal if
supL,(V)=T'(V,)
14

where

LWV)= inf  min |x(8)~y®)

U (st (-) 16igm

and u;(-) are admissible controls of the pursuers P;.

KT (U, .. - Ung) = I'a(Vy) = v, we will say that the game has a value v [1].

It is required to find the optimal strategies Uy and V), of the players P; and E, respectively, and the
value of the game.

Analogous problems have been investigated in many publications. Among the cases that have been
considered are, for example; k = 0, m = 2 [2]; kK = 0 [3]; k£ = 0, m < n (where n is the dimension of
the space) [4].

This paper will develop a method used previously.

2. THE OPTIMAL APPROACH OF m PURSUERS TO A SINGLE EVADER

Consider the differential game (1.1), (1.2). It can be verified that the reachable domain of the pursuer
P; from the initial position x;) up to time ¥ is the ball

H(xjo,pjw/;s-) for j=1,..,k H(xj,p/®) for j=k+1,..

Let

Gj(l)=H(on,Pj'\/3+l) for j=1,..k
Gj()=H(xjopj0+1l) for j=k+1,...m

y=min{t>o: H(yp,08) <) G,-(l)} @.1)
1

TIBRAGIMOV, G. 1, The optimal approach of two pursuers to a single evader. Moscow, 1987, 16pp. Deposited at Vsesoyuz.
Inst. Nauch. Tekhn. Informatsii, 1987, 5384-B87.
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Theorem. ff o < p¥ +y(j =k + 1,..., m) and (yo - Xxig, po) = 0 for some non-zero vector py
defined by formula (2.1), then the number y is the value of the differential game (1.1), (1.2).

The proof of the theorem is based on several lemmas.

Suppose C is the boundary of a closed bounded set D C R", and X; = {x:x € R", (x, p;) < d;} are
certain half-spaces, where p; are given unit vectors and d; are given numbers.

Lemma 1. Let p, be a non-zero vector such that (pg, p;)) <d;andlet CC UX,. ThenD C U X.

Proof. 1t will suffice to consider the case when intD = &. Suppose the contrary. Let y € int D. Hence it follows
that y lies in none of the half-spaces Xj, i.e. y € U X;. Then no point of the half-line y(t) = ¥ + tpo, t = 0 lies in the
set UX;, because (y(t), p;) = (7, p;) +t(po, p;) > d;. On the other hand, this half-line cuts the boundary C of D at some
point y, Then, by the assumption of the lemma, y; € U X;—a contradiction. This proves Lemma 1.

Let X be some n-dimensional half-space containing the point x;o, where j € {1, ..., m} is some index.
There are two possible cases: the control u(f), 0 < ¢ < 9 of the pursuer is subject either to an integral
constraint (1.3) or to a geometric constraint (1.4). Suppose the first case occurs. We introduce the
notation Y = X N H(y,, od).

Lemma 2. If y(¥) € X and
Y < H(xjo,p;49) (2.2)
then a strategy of pursuer P; exists guaranteeing the equality x(9) = y(3).

Proof. Let v = v(f), 0 < ¢t < 9 be an arbitrary admissible control of the evader E. We define a strategy of the
pursuer P; in the time interval [0, 9] as follows:

(Yo —xjo)/B+v (1), O0=<t<T

u ()= {0, T<t<?® 23)

where T ¢ [0; 9] is the time for which
T
2 g 2
provided such a time exists
Let xjp = yo. Then it follows from (2.2) that o9 < pj\/ﬁ, and (2.3) takes the form u;(t) = v(f). Consequently
d

°
({ Lu; () 1 d:=(j) v (1) dt < 0” < p?

i.e. the control u;(t) = v(f), 0 < ¢ < ¥ is admissible. It clearly guarantees that x(t) = y(f), 0 < ¢ < 9. Thus, the
lemma is true in this case.
Now let xjo # yo. Put

e = (yo — xjp)yo — X0

a = max{(z - xj, €): z € Y}, b = max{(z - yo, €): z € Y}, where (x, y) is the scalar product of the vectorsx and y.
Note that

a-b=0o—xp € =lyo- %0l 24
It follows from (2.2) that

prd—c29? = a® - b? (2.5)

We will show that the strategy (2.3) is admissible. Noting the inequality
0

[ w(@edt=<b

0
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which follows from the fact that y(9) e X and from (2.4) and (2.5), we deduce that
L4 1 . 2 4 2
g Ly (1) 1P di==lyo=xpl +=150-%p] (j, © (1), e)dt+028 <

< %((a—b)z +2(a-byb+0d%) < pl

i.e. the pursuer’s strategy thus constructed is admissible.
We will now show that the strategy (2.3) guarantees the quality x(9) = y(8). In fact

x; (M =x; +:j: u;j(t)dt=yo — x;0+xjo +:j: v (t)dt = y(0)
Lemma 2 is proved.
Now consider the case when the pursuer’s control is subject to geometric constraint (1.4).
Lemma 3. Ify(¥) € X, o < p and
Y c Hixp, p0) (2.6)
then a strategy for pursuer P; exists guaranteeing that x(9) = y(9).

Proof. Let v = v(t), 0 < ¢t < 9 be an arbitrary admissible control of the evader. We define a strategy
for pursuer P; as follows:

= v(O)-@@e)e—eri(n), x;()y®)
“5O=1 0, T<r<9

r=[p} -0* +@ (1),e)* 1%

@27

where 1 € [0; 9] is the first time at which x;(t) = y(7). Clearly, the strategy we have constructed for

pursuer P; is admissible.
If xjo = y, it follows from (2.7) that 4;(f) = v(f), 0 <t < 9. Then it is clear that x;(9) = y(9).
Letxjp # yo. Then by (2.4) and (2.7) we have

T
YW -xj(M=ef(1), f(D)=a-b-[ (r;(0-@ @)e)dt
0

Obviously, f(0) =a-b = | xy-yp | > 0.
We now show that f(9) =< 0. It will then be proved that f(z) = 0 for some t € [0; 9). Consider the
vector-valued function g(t) = (V(p} - 6); (u(?), €)). The inequality

04
) g(t)dt'
0

f@)<a-b+b-[(p}-02)0 +»>1% <0

9
[ 1g1de=>
0

implies that

(we are using the inequality a* - b* < (p% - 6*)9?, which follows from (2.6)).

Consequently, for some t € [0, 9] we have x;(t) = y(7). By the construction of the pursuer’s strategy
(2.7), we have p;(#) = v(¢) for © < ¢ < 9. Hence it follows that x(9) = y(9), Lemma 3 is proved.

We now introduce fictitious pursuers (FPs) zy, . . . , 2k, Z+1, - - - , 2, Whose motions are described by
the equations

Zi=w;, (0)=x4

and whose controls must obey the constraints
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* 2 Y ’
(I) |W](t)| dts(pj-'-W) N j=l,...,k

Y

ij(t)ls pj+-5, j=k+l..m

It can be shown that the domain of reachability of a FP z; from the initial position x;o up to time ¥
is a ball G{(y). By the definition of the number y, we have

H(yo, 69) € U G{Y) (2.8)

I=(: jellm S00.00)NG;)#8

It then follows from (2.8) that

H(y,,00) _U' G;(n (2.9)
je
Put
. ={()’o —x;)/ Vyo—=Xiol, X0 #Yo
! Po» Xi0 = Yo
a; = max{(z—xjo.¢;): 2€500,0NNG;M}, jel
XI ={x: xeR", (x_xjo,ej)s aj}’ jel
Clearly

Hence, in view of (2.9), we have
M c U X;
¥y j[g' | (2.10)

If we now recall the assumption of the theorem, (po, ¢) = 0,j € I, and use Lemma 1, we
obtain

H(yp,o0 < U X;
jel

We define strategies for the FPs in the time interval [0, 9] as follows:

w ()= {go - x;0) 14V (8), (1)} s< t"s ?e . -
where I, =1 N {1,...,k}, Tis the time for which
? lw; ()P dt=(p-+ i ]2
o s
if such a time exists
w;(1)= {Z g;— Sj O 1);, A ; 21*' Y0 (212)
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) =g+ 19} -+ (), e)1% i =INn{k+1,...,m}, and v, is the first time for which
z(y) = y(%)-
! I’t follovds from (2.10) that y(¥) e X, for some s e I. Then, using the fact that

X;NH(@yp, 69) <Gy, sel

which follows from the definition of the half-space X;, we see that the assumptions of Lemma 2 are
validifs € {1,...,k} NTand those of Lemma3ifs € {k + 1,...,m} N I. As a result of these lemmas,
the strategy for the FP, (2.11) if s € [y or (2.12) if s e I, guarantees the equality z,(9) y(9).

Thus, the strategies constructed for the FPs guarantee that z,(%) y(9) for some s € /.

We will now prove the theorem. We construct strategies for the pursuers with the help of the strategies
of the FPs

3

0
u;(t)= —ﬂ’?——wj(t), 0st<9d
p;O>+v

1, Jjenq
u;(t)=0, 0st<9, je{l,..m}/1

It follows from the equality z,(9) y(9) for s € I that

| x,(8) - y(D) ) =1 x,(8) - 2,(8) | =

9
[ (ug(t)—w (r)a
0

=< Y 1} Iw,(t)ldtsy
PO +Y o

(we have used the Cauchy-Bunyakovskii inequality).

If s € I}, we obtain an analogous inequality, since |w ()| < p; + 7/3.

Thus, the pursuers’ strategies guarantee that |x,(¥) —y(9)| < y for some s € /.

In order to complete the proof of the theorem, it remains to prove the existence of a strategy for the
evader E which guarantees that

L (9) — y(O) =y (2.13)

for any admissible controls u;(¢), 0 <1 =< 9.
By the definition of vy, a point zy € H(yp, o) exists such that max|x — zy| = vy, where the maximum

is taken over all

’ k m
xe U H(xjo.pjN®)U U H(xjo,p;0)
j=1 j=k+l

The evader’s control is defined as follows:
v =06(zg—-yozo-yl, 0st<?d

Clearly, this control guarantees the validity of inequalities (2.13). Hence y is indeed the value of the
game. The theorem is proved.
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